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Abstract 

We consider a systematic approach to the coordinate transformations in the 
Schwarzschild singularity problem in general relativity. It is shown that not only 
the singularity at the surface r = 2m but also the singularity at the origin r = can 
be eliminated by suitable coordinate transformations. 
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The Schwarzschild solution of the vacuum Einstein equations — l/2Rg^ lu = for 
static and spherically symmetric spacetimes is normally written in the following form [||] 

ds 2 = -{l- 2 -^j dt 2 + (l - ^) _1 dr 2 + r 2 (d6 2 + sin 2 6d<p 2 ) . (1) 

With this form of solution, the metric components become singular at both r = 2m and 
r = 0. But it has been shown that while the singularity at r = is a genuine physical 
singularity, the singularity at r = 2m is only a result of a breakdown of the coordinates 
]T|, |2j. If we introduce new coordinates (X,T), Kruskal-Szekeres coordinates, according to 
the following relations 



, {X + T\ 

then the Schwarzschild metric takes the form 




and the singularity at r = 2m is eliminated. The Kruskal-Szekeres coordinate transforma- 
tion can be derived using the outgoing and ingoing radial null geodesies of the Schwarzschild 
spacetime 0, [J. In this paper we would like to discuss a method that will allow us to derive 
in a more general way different good coordinates. For this purpose let us introduce the 
following coordinate transformations 



t 

2m 
r 



f(X,T), or 



2m 



f(x,Ty 



(5) 
(6) 



where g(X,T) and f(X,T) are arbitrary functions that will be determined later. By 
differentiation and substitution into the Schwarzschild metric (1) we have 



fdt 2 + jdr 2 



+ 



+ 



of—— 8m 2 df df 
1 OTdX f(l - fydTdX 

_ f (9g_\\ 4m 2 (df\ 2 
1 \dTj + /(1-/) 4 [dTj 

_ f (dg_\\ 4m 2 (dpV 
J \dX) + f(l-f)*\dX) 



dTdX 
dT 2 

dX 2 . 



(7) 



(9) 
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In order to put ds 2 in a form similar to (4), we require the functions f(X,T) and g(X,T) 
satisfy the following system of equations 



'dg\\ ' * 2 
dT) \dX 



dg dg 
dTdX 

( dg 




dTdX 



df\\(df\ 2 
dT [dX 



./(I-/) 2 

From these relations we can derive the following simpler relations 



(10) 



'11) 



dg dg 

dX dT 

dg dg 

dX dT 



2m ( df + <9/ N 



7(1 - f) 2 \dX dT)' 
2m I df df\ 



7(i - f) 2 \dx &r 



(12) 
(13) 



However we will restrict in this paper to coordinate transformations using the following 
stronger conditions. It follows from the relations (10,11) that we either require 



or require 



2m df 
f(l-f) 2 df 

2m df 
f(l-f) 2 dX 

2m df 
f(l-f) 2 df 

2m df 
f{l-f) 2 dX 



= ± 



,dg_ 
dT' 
dg 



= ± 



dX' 



dg 



(14) 
(15) 



± 



dX' 

dg 

dT' 



(16) 
(17) 



Let us consider the conditions (16,17) first. In this case ds 2 can be rewritten in a 
simpler form 



ds 2 = f 



dg N 
df. 



dg 
dX 



-dT 2 + dX 2 ) + r 2 {dB 2 + sin 2 9d<t) 2 ). 



(18) 



It is straightforward to verify that the Kruskal-Szekeres coordinate transformations (2,3) 
satisfy these conditions, and it is also ready to show that the Schwarzschild metric (4) can 
be derived from the metric form (18). Now it is observed that the relations (16,17) can be 
put in the following more convenient forms 
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n 9 

2m— 
dT 



2m 



_d_ 

dX 



In 
In 



./ 



exp 
exp 



= ± 



00 



± 



dx' 

dg 
dT' 



(19) 
(20) 



It is clear from these forms if we can find a function G(X, T) so that the below conditions 
are satisfied 



(21) 



dg__dG dg _ dG 

dX ~ ~&T : dT~ dX' 
then we immediately obtain a general form of coordinate transformations for the variable 
r as follows 



/ 



1 



exp 



.1-/, 



° X1)(± 2^) 



(22) 



On the other hand, from (21) we also obtain a wave condition for the function g(X,T) 

d 2 g d 2 g 

dJO~df^ = °- (23) 
So with respect to the new coordinates (X, T) the time t of the coordinates (r, t) behaves 
like a wave, and its relationship with the new coordinates (X, T) can be put in a general 
form 



t = g(X, T) = g L (X + T) + g R (X - T), (24) 

where g^ and gn are arbitrary functions of the coordinates (X, T). The transformation 
(2) is a particular solution of the wave equation (23) since it can be rewritten in the form 
g(X, T) = 2m ln(X + T) — 2m ln(X - T). 

As another illustration let us consider the simple case when / depends only on X while 
g depends only on T. In this case from (10,11) we have the following simple relation 

2m df ±^=C, (25) 



/(l - f) 2 dX dT 
where C is some constant. Integrating this system we find 

* = ±CT - (T37) exp (l^7) =exp (S)' (26) 

In terms of r and t we have 

g = ±CT, (^-l)exp(^)^exp(gV (27) 
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In this case the Schwarzschild metric takes a simple form 



ds 2 = C 2(< t!H^_ dT 2 + ^ + r 2 ( ^2 + sinHdcf). (28) 

r 

It is seen from (27) that the new coordinates (X, T) correspond to the region r > 2m only. 
The surface r = 2m is seen as infinity of X, whose sign depends on the sign of the constant 
of integration C. The new time T may flow forward as the old time t or flow backward 
with respect to t. In a similar manner we can consider the case when / is a function of T 
only and g of X only. In this case we obtain 

^ ±cx ' (^- 1 ) exp (^) = exp (l : )' (29) 

Now in the new coordinates (X, T), time only begins (T = — oo) or ends (T = +oo) at the 
surface r = 2m, depending on the sign of the constant of integration C. There is no real 
time for the region r < 2m. 

Now let us consider the conditions (14,15). In this case if we put the function g(X,T) 
in the form 



g{X, T) = 2m In F(X, T), (30) 

where F is an arbitrary function of (X, T), then we obtain immediately the following form 
of coordinate transformations for the coordinate r 

iH exp (i)= F <- Y - T) - ^nhi>- < 31) 

With the Kruskal-Szekeres time coordinate transformation as in (2), we have F(X,T) = 
(X + T)/ {X — T) and the coordinate transformation for r in this case takes the form 

(JL - A exp (JL) = £±I. ,32) 

V2m / P V2m/ X-T K J 

In this form we see that the origin r = corresponds to the time axis X = in the (X, T) 
coordinates, while the surface r = 2m is transformed into the line X = — T. 

When the conditions (14,15) are satisfied the Schwarzschild metric reduces to that of 
a spherical surface in three dimensional Euclidean space 

ds 2 = r 2 (d6 2 + sin 2 6d<f) 2 ). (33) 

This is a remarkable result, since we see that now not only the singularity at r = 2m but 
also the singularity at r = is eliminated. This interesting feature may be seen from the 
type of coordinate transformations, because we can rewrite (14,15) in a form that gives a 
direct relationship between the coordinates r and t as follows 



We see that the time t either begins or ends at the surface r = 2m. For the region r < 2m, 
time does not exist unless it is complex and of the form 2m(a + (2n + l)vri), where a is a 
real number and n an integer. The rates of the variable r can be found by differentiation 
of the equation (34). With the positive sign before t in (34), we find 

dr f 2m\ d 2 r 2m / 2m\ 

dt = v~—)> w = ^{ 1 ~—)- (35) 

In this case space is expanding with an increasing rate until the rate reaches the speed of 
light at infinity. Time begins at the surface r = 2m. With the negative sign we obtain 

dr ( 2m\ d 2 r 2m ( 2m\ 

-dt = -\ 1 -—)' ^ = ^{ 1 -—)- (36) 
Now space is contracting until the surface r = 2m is reached and time will end there. If we 
identify this physical process with some sort of gravity, then gravitation may be considered 
as a manifestation of space contraction. 
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